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Abstract-- This paper provides comprehensive

development procedures and final forms of mathematical

models of unified power flow controller (UPFC) for steadystate,transient stability as eigenvalue studies. Based onthe developed models, the impacts of control strategy,

parameters and location of UPFC on power system operating conditions are discussed. The accuracy of the developed models is verified through comparing the study results with those obtained from detailed time-domain simulation using the Electromagnetic Transients Program

(EMTP).

 Index Terms: Modelling; FACTS; UPFC, Eigen Analysis; Steady-State Analysis, Transient Stability Analysis.
I. INTRODUCTION
 UPFC is the most comprehensive device of all Flexible AC Transmission Systems (FACTS) devices, which has arisen so after the FACTS initiative, is capable of providing simultaneous active and reactive power flow control, as well as voltage magnitude control [1]. The versatility provided by UPFC makes it an advanced power system device and an important member of FACTS family to provide a number of control functions required to solve a wide range of problems encountered in electrical power systems [2], [3]. Performance analysis of UPFC in load flow studies requires its steady state modeling. There are many papers concerned with the issue of UPFC modeling. Reference [2] introduces a steady state UPFC model based on a single, ideal, and series voltage source. Reference [4] utilizes two ideal voltage sources, one in series and one in parallel as UPFC steady- state model. The steady state model suggested in [5] is based upon one ideal, series voltage source, and one ideal, shunt current source. In [6], UPFC is represented by two ideal voltage sources with series source impedances, connected in series and parallel with the transmission line, representing the output voltages of series and shunt branches of UPFC. Because UPFC employs two voltage source  converters and two coupling transformers, the mathematical model proposed here is based on the true representation of them in a computational environment. Converters are modeled as controllable voltage sources, while the effects of the transformers are modeled as pure inductances connected to the lines and real power losses in UPFC. A commercial software, “Power System Analysis Software Package” (PSASP) is used in this study to investigate the effects of UPFC on power system steady state operation [7]. It provides users to analyze power systems both in steady and transient states and also has the capability of creating user-defined models of advanced power system equipment. 
                    2. UPFC MATHEMATICAL MODEL

Figure 1 shows single-phase, schematic diagram of thepower circuit of a UPFC which is composed of an excitation transformer (ET), a boosting transformer (BT), two threephase GTO based voltage source converters (VSCs), anda dc link capacitor. In Figure 1, m and 6 refer to amplitude modulation index and phase-angle of the control signal of each VSC respectively. Figure 2 shows detailed threephase circuit diagram of ET, BT and the converters. The two transformers are identified by their per phase leakage inductances and resistances. Figure 2 illustrates that each converter leg is composed of a GTO valve and a diode valve in antiparallel connection to permit bidirectional current flow.In the case of high-voltage applications, where only GTOconverters are economical, and the switching frequency is limited to a few hundred hertz, off-line optimized pulse patterns are often selected for the converter. The pulse

width modulation (PWM) approach which is used in thispaper encompasses the concept of optimized pulse pattern schemes. For cost reduction and maximum converter utilization, PWM-schemes such as space-vector modulation are applied in practice. As long as the fundamental frequency components under balanced operating conditions are concerned, the space-vector approach and the general PWM approach used in this paper provide the same mathematical model. To describe the modelling procedures, let's consider the dc link, phase 'a' of ET, and the corresponding VSC-E arms as shown in Figure 3. In Fig. 3, fE and tE represent per phase resistance and inductance of ET. In Fig. 3, the bidirectional switches are identified by < E ~an d Sku which can be either on or off. rs is the switch on-state resistance.rs also includes valve conduction losses in the analysis.

S, (SE,)is defined as the switching function of switch

< E ~ ( < & ) . SE, ( f E U ) is either 1 or 0 corresponding to on

and off states of the switch respectively. Based upon the

principle of operation of a VSC, regardless of the adopted

PWM scheme, SE, and S', are always complementary
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Figure 1: Schemato diagram of UPFC
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< E ~ ( < & ) . SE, ( f E U ) is either 1 or 0 corresponding to onand off states of the switch respectively. Based upon the principle of operation of a VSC, regardless of the adoted PWM scheme, SE, and S', are always complementary, i.e.

SE, + S'& (1 )

Thus, the behaviour of the circuit of Fig. 3 can be expressed as

                        .eE(diEa/dt)frEiEa=UEru-UEa (2)

                   and U Ea =U FH U Hn (3)

                When 6 is on SE^ = 1, and Sku = 0

                                   U FH = (iEars f Udc PEa (3a)

                 When E, is off SE^ = 0, and Sia = 1

                                      2) FH = (iEars (3b)

                               UFH=(iEars +Udc)SEa+(zEarx)Sh (4)

From (3), (3a) and (3b) one can deduce Substituting for Sku from (1) in (4), for uFH from (4) in (3),and finally for U E ~fro m (3) in (2)

eE ( $ i E ~ / d f ) = - R E i E ~ - ( U d c S E u f U H n ) i U E u (5)

where RE = rE +rs . Equations similar to (5) for phases 'b'

and 'c' can also be developed. With reference to Fig. 2,

vHn can be obtained by adding equations of the three

phases as given by (6).

i E a + i ~ + i E c = O and U E ~ ~ + U , ~ ~ ~ + U E ~Th~u=sO, V. o ltage

V H n = ( - u d c / 3 ) E S E i (6)

r=o,b,c

Substituting for VH,, from (6) in (5), the final expression for

phase 'a' is deduced Equations similar to (7) are also developed for phases 'b' and 'c'. The main advantage of expressing (7) in terms of the generalized switching functions SEU, SEL, and SEC is

that it will not be dependent on the selected PWM
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Figure 4: (a) A generalized PWM pattern for phase "a", (b)

Switching function SEa and its average value a, in one

switching period. technique. Figure 4(a) shows a generalized PWM switching pattern for SE,. The PWM patterns of SEL, and

SEC are identical to that of Fig. 4a with appropriate phase shifts. In Fig. 4, the fundamental frequency of the VSC is a, the frequency of the switching function is os, and &,is the average of SEa within one period corresponding to the switching frequency. Since SE, is a discrete, periodic function of time, its Fourier series can be expressed as

SE, = U, + bn C O S ( f I o f ) (8)

where a,, = dE, and b, = (-1)"(2/nrr)sin(rtrd;,)

Figure 4(a) also shows variations of within one period corresponding to the system fundamental frequency. The fundamental component of &a in Fig. 4(a), which is referred to as the control signal, is expressed as

dEa = ( m E / 2 ) C o s ( a f - & E)-* (9)

dEb and dEc for phases 'b' and 'c' are identical to (9) except for phase shifts of 2x13 and 4x/3 respectively. Thus U H ~ca n be calculated from (6) by substituting for SE,'s in terms of dEu,dEb and dEc (note that only the fundamental component is considered). Then the calculated uHn and vFH are substituted in (3) to derive the final expression for v Ea
'U Ea = (m@&/2)COS(wt-6 E ) = AE COS8 E (1 0)

Final expression for VEL, and u E c are identical to (IO), except for phase shifts of 2x13 and 4x13. Therefore, with respect to its ac terminals, at the fundamental frequency, VSC-E is equivalent to a three-phase, balanced, controlled, voltage source expressed by U E ~ , U E b , and U E ~ . Amplitude, phase-angle and frequency of the three-phase voltage source are controlled by m ~ 6.~ and w of the control signal (Fig. 4(a)). The mathematical model which governs the behaviour of phase 'a' is obtained by
substituting for U E ~fro m (IO) in (2).

.!E(diEu/dt)=-REiEu -&coseE - U E ~ ~ (1 1)

Similar expressions to thai of (1 1) for phases 'b' and 'c' are

also deduced. The mathematical procedures described by (1)-(10) and the mathematical model of (11) are also applicable for

VSC-B and the boosting transformer of Fig. 2. Thus the overall mathematical model of VSC-E, VSC-B, ET and BT of Fig. 2 is expressed by matrix equation L(di/dt) = -Ri + Q +U (1 2) The dynamics of the dc link capacitor, Fig. 2, is where idc in terms of the defined switching functions is Equation (14) demonstrates that the effect of each switching converter on the dc link can be expressed by a current source. Therefore, the generalized equivalent circuit of the UPFC, based on (12) and (13), can be

illustrated by Fig. 5. Based on (12) and (13), a state space

representation of the UPFC is
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Figure 5: Generalized equivalent model of UPFC
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Elements of Ag and Bg are given in Appendix A. The UPFC mathematical model given by (15) is valid for the frequency range less than the switching frequency w, (Fig.4).
2.1 UPFC Steady-State Model

Neglecting UPFC losses, during steady-state operation it neither absorbs nor injects real power with respect to the system.Physical interpretation of this statement is that the voltage of the dc link capacitor remains constant at the prespecified value vdc. This constraint must be satisfied by

the UPFC steady-state equations. Thus, the UPFC steadystatemodel is deduced from (1 5) as
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ME, MB and v& are the steady-state values of mE, mg and

U&. IEi’s and ZBi‘s are phasors of the line currents (Fig.

(2)). Based on (16), the UPFC single line diagram under a
steady-state condition is given by Fig. 6. The constraint 

           PB +PE = 0 in Fig. 6 implies that:

no real-power is exchanged between the UPFC and the system, thus the dc link voltage remains constant (losses neglected),

Depending upon the UPFC control strategy and function, its

various power flow models can be deduced from (16) and

Fig. 6 as follows.

2.1.1 UPFC Power Flow Model

Let‘s consider the UPFC of Fig. 7(a) which is used to maintain a pre-specified power flow from E-bus to 6-bus, and to regulate the B-bus voltage at a specific value. Usingpower flow terminology, B-bus is a P-V bus and E-bus is a
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P-Q bus, Fig. 7(b). Neglecting UPFC losses, pB1 = pEt = pre-specified value. 6 and MB determine Pst (as well as PE> and Vst respectively. ME and SE determine Q, and V,, respectively. To calculate the UPFC control variable for the given power flow condition, a power flow analysis is performed where the UPFC is modelled as given in Fig. 7(b). Then, the power flow analysis results are used to solve the UPFC steady-state equations to

determine 6,, MB 6,and ME.

                                 F-S=O (1 7)

f, to f4 are nonlinear functions which are deduced from the UPFC steady-state model and Fig. 6. f, to f4 are also given

in Appendix A. Equation (17) is nonlinear and its solution best obtained by an iterative numerical approach as

uk+l = ~ +k j - l u (18 )

where U ” [ 6 B b f B , 6 E M E ] T

2.2 UPFC Dynamic Model

Dynamic model of the power circuit of a UPFC in the abc

(stator) reference frame is also given by (15). The extended Park‘s transformation matrix of (19) is used to develop time-invariant form of (15) in a two-axis (d-q-o) rotating reference frame as given by (20).

AS= F-S and
 jis the Jacobian matrix.

T=diag[P P 2/31 (1 9)

where P is the 3x3 Park‘s transformation matrix [6].

where xdqo =[iEdiEqlEoiBdlBqiBoVdco ]’
u d q o = [U Et& Etqu €tau St& Btqv Bto 01

Elements of matrices Adqo and Bdqo are also given in

Appendix A.

2.2.1 UPFC Transient Stability Model

Conventionally, for transient stability studies, except the electrical circuits of synchronous machine rotors and some

controllers, the electrical network is represented by their algebraic phasor equations. Thus the power circuitry of a UPFC for transient stability studies can be represented by the phasor equivalent of Fig. 6. However, during transient studies, the dc link capacitor of UPFC will exchange energy with the system and consequently its voltage varies. Thus for transient stability studies the constraint PE +PE =O does not apply. Variation of the dc link voltage is determined by the UPFC controls and their limits. The UPFC controls and the corresponding limits are represented as nonlinear differential equations for transient stability studies.

For the purpose of eigen analysis, e.g. torsional oscillations and UPFC controller design, a small-signal model of the UPFC in a d-q reference frame can be developed from linearization of (20) about an operating point. 

where b d q o = [ A i ~ d AiEo&d AiBq A ~AvBdc ]~h U [ h E h g A 6 BIT
Elements of A and B are also given in Appendix A.
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It should be noted that (21) is accurate for the analysis of small-signal dynamics in the frequency range lower than the switching frequency (a, =2nfs) adopted for the UPFC. Since the UPFC switching frequency is usually in the range of 300 Hz to 500 Hz, the small-signal model of (21) can be used for investigation of a wide variety of system dynamics, e.g. low-frequency (0.1 -2 Hz) electromechanical modes, torsional oscillatory modes (5-55 Hz), and second and third harmonic resonances. It should be noted that the UPFC model of (21) does not include the effect of harmonics generated by the switching strategy. Therefore, if the
switching pattern results in harmonics which are of significance with respect tto small-signal dynamics, e.g. third harmonic, equation (21 ) cannot accurately represent the UPFC behaviour. Equation (21) can be simplified if only low frequency (0.1-2 Hz) electromechanical modes of  the system are of interest.

3. APPLICATION EXAMPLES AND MODEL

VERIFICATION

Based upon the mathematical models developed in Section 2, this section demonstrates some of the impacts of the UPFC parameters and control functions on the operation of power systems. This section also verifies the accuracy of the UPFC models through comparison of the study results with those obtained from EMTP studies.

3.1 Steady-State

A 500 kV radial transmission line equipped with a UPFC is used for the studies. Figure 8 shows equivalent singie-line diagram of the system. The UPFC regulates the power flow by adjusting magnitude ( lVel ) and/or phase-angle (S ) of the injected voltage. This mode of operation of the UPFC IS that of a static phase-shifter [2].

3.1.1 Case-1

The UPFC is located at the middle of the line, i.e.

x,=x2+xe0.5 per unit.

 l V ~al  can be adjusted from 0

to 0.5 per unit and 0' to 360" respectively. lVElcan be regulated from 0.9 to 1.1 per unit. Initially power angle (6 = 6 -~6 ~ )is adjusted at 35". Figure 9 shows the range of variations of ~ Z E / as a function of 1V.l and SE when 1V.l =OS per unit. Figure 9 illustrates that:
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0 Variation of electrical quantities (e.g. 11~1) as a result of UPFC control strategy (e.g. control of l V ~ l l,V ~1a nd 6 E ) is highly nonlinear and multiple-valued.

0 Proper selection of the UPFC parameters and control strategy can confine the variations within acceptable limits (e.g. 0.0<IZ~l<O.5). Studies similar to that of Fig. 9 identifies maximum steady-state values of the UPFC variables and determines the steady-state ratings of the UPFC components.

3.1.2 Case-2

Figure 10 shows the impact of the UPFC on the sendingend

and receiving-end complex powers of the study system. The UPFC is located at the middle of the line. For each value of IVE~fr om 0 to 0.5 per unit, S E is varied from 0' to 360'. lV~l is adjusted at 1.0 per unit. Figure 10 shows that for each value of power transfer (PJ through the line: there can be more than one value of reactive power exchange at each terminal, and

the magnitude and direction of reactive power flow at each end depend on the UPFC variables, i.e. lVEl, 1V.l and t j B .

0 The shaded areas in Fig. 10 identify minimum reactive power exchange at the line terminals corresponding to a set of UPFC selected variables. By controlling l V ~ l  the UPFC can control 0, and Q,. Thus, the complex power regions of Fig. 10 can be tailored according to the operational requirements and limitations as further described in Section 3.1.3.

Decreasing the leakage reactance (XE) of excitation transformer narrows the complex power regions of Fig. 10. If XpO, then each region will be shrunken to a line. Consequently, corresponding to each value of Po, Q, and Q, each will have a single value.Figure 10 also shows the complex powers at both line terminalsobtained from detailed simulation of the study system, 
based on the use of the EMTP. Close agreementbetween the corresponding results from the EMTP and the UPFC steady-state model (Fig. 8) verifies the accuracy of the developed steady-state model.
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           Figure 11: Effects of IV,l the on the complex

              power region of the sending-end .

3.1.3 Case-3

If 6 = 6 ~ - 6 is~ v aried from 0" to go", corresponding to each value of 6, a family of complex power regions S, (or SR), similar to that of Fig. 10, is obtained. All possible values of Ss (or S,) can be identified by the closed-surface which encompasses all Ss (or SR) regions. Figure 11 shows two such closed-surfaces corresponding to the sending end when [VEl=0.9 per unit and lVE/=1.1 per unit. Figure 11 also identifies complex power regions of the sending end for 6 = 0" and 6 = 90" . Figure 11 indicates that for a given value of power transfer at a prespecfied 6 , the UPFC can readily control the reactive power requirement of the sending (and receiving) end. This is achieved by controlling IVEl through amplitude modulation index ME of
the boosting converter. Figure 11 also compares the results obtained from EMTP and the steady-state model.
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3.1.4 Case4

Figure 12 depicts the effect of the UPFC location on S, and

S, when [vSl=lvRI=lvEl=Lo per unit, 6 = z S - S R =35" and lV~l=0.2 per unit. Figure 12(a) indicates that when angle S B = O 0 , QR and Q, are noticeably affected by the UPFC location.

3.2 Small-Signal Dynamics

The main purpose of this section is to verify the accuracy of

the UPFC linearized model, equation (21), based on comparing eigen analysis results wlth the corresponding EMTP results. This section is also intended to demonstrate damping effect of the UPFC on torsional modes of power systems. The studies are conducted on the IEEE first benchmark model [7]. The UPFC is located at the sendingend after the generator step-up transformer.

3.2.1 Case-5

Figure 13 shows the UPFC control diagram to mitigate torsional oscillations. When no torsional countermeasure is in service, the first four torsional modes can become unstable as compensation level is vaned from 0% to 100% [7]. Figure 14 shows loci of the system modes when the UPFC is not in service. Figure 14 clearly shows that the torsional modes, particularly mode 1, can become

unstable. Figure 15 shows loci of the system modes when the UPFC is utilized to mitigate torsional modes. Torsional damping is achieved by modulating real power transfer through regulation of the dc link voltage. Comparison of Figs. 14 and 15 shows that the UPFC can effectively provide adequate damping for all torsional modes. Figure 15 compares the real-part of the eigenvalue of the first mode obtained from the linearized model (Fig. 14) and the EMTP simulation of the study system. Close

agreement between the corresponding results verifies the validity of the developed model. Since the linearized UPFC model (equ. (21)) is deduced from the UPFC large-signal, dynamic model, equation (20), Figure 15 also is an indirect verification of the validity of the UPFC large-signal model.

4. , CONCLUSIONS

This paper outlines a comprehensive and systematic approach for mathematical modelling of unified power flow controller (UPFC). Based upon the outlined approach, steady-state model, small-signal (linearized) dynamic model, and state-space, large-signal model of UPFC are developed. The models are applicable to power flow studies, eigen analysis, and transient stability

investigations.

The developed formulation is general and independent of the pulse-width modulation (PWM) scheme used for the switching converters of the UPFC as long as fundamental frequency components of current and voltage are concerned.. The main assumption for developing the models is that power system is symmetrical and operates under three-phase balanced condition. This is the common assumption made for power flow, transient stability and eigen analysis of power systems. The developed

procedures and models can be readily simplified and tailored for representation of GTO based static condenser (STATCON) and GTO based series capacitor.

Typical application examples of the developed models are also provided. The accuracy and validity of models are confirmed based on comparing the study results with those obtained from detailed time domain simulation, using the Electromagnetic Transients Program (EMTP).
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